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Background

• Setting:

− meta-analysis (MA) of binary outcome presented as 
one 2x2 table for each study

− use random-effects model (allow for heterogeneity)

• Two-stage inverse-variance estimation is easy

− estimate log odds ratio 𝑦𝑖 & its SE 𝑠𝑖 in each study

− estimate heterogeneity variance 𝜏2

o DerSimonian & Laird (DL) is common

o REML is better

− average the log odds ratios, weighted by their 

inverse variance = 1/ 𝑠𝑖
2 + 𝜏2
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Background

• What’s wrong with two-stage inverse-variance 
estimation (DL or REML)?

− poor approximation with sparse data (i.e. small 
counts in the 2x2 tables)

• Common-effect MA: Mantel-Haenszel or logistic 
regression are easy one-stage approaches & better than 
two-stage inverse variance method

• Random-effects MA: random-effects logistic regression 
is the obvious one-stage approach

− generalised linear mixed model
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Models 2-7
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Models 2-7 (random-
effects logistic regression)

2. Fixed effects of study 
= control log odds

3. Random effects of study 
= control log odds

4. Fixed effects of study 
= average log odds

5. Random effects of study 
= average log odds

All above: effects of study uncorrelated
with random treatment effects

6. Random effects of study correlated 
with random treatment effects

7. Hypergeometric model for one count 
given table margins
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Model for log odds in arm 𝑗 of 
study 𝑖: all with study-specific 

treatment effect 𝜃𝑖 ~ 𝑁 𝜃, 𝜏2

M2 & 𝛾𝑖~𝑁(𝛾, 𝜎
2)

M4 & 𝛾𝑖~𝑁(𝛾, 𝜎
2)

M3/5 & 
𝛾𝑖 correlated with 𝜃𝑖
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Issues

• Fixed (M2,4) vs. random (M3,5,6) effect of study: 

− fixed effects uses “too many parameters” & may 
underestimate variances

− random effect allows use of between-study 
information

• Coding treatment as 0/1 (M2,3) or ±0.5 (M4,5)

− seems trivial

• Treatment effect associated with effect of study (M6)

• Use of computationally intensive hypergeometric 
likelihood (M7)

All models fitted in R using Wolfgang Viechtbauer’s 
metafor
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Simulation study: data generating 
mechanisms

• Base case: 

− 10 studies

− moderate heterogeneity (𝜏2 = 0.024 giving 𝐼2 = 0.3)

− event fractions around 0.2

− no treatment effect (𝜃 = 0)

• Key variants:

− no/large heterogeneity 

o settings 2, 3, 15

− sparser data (fewer events) 

o settings 7-9

− allocation ratio related to control event fraction

o setting 12
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Simulation study: key finding

• Model 2 underestimates heterogeneity variance 

− e.g. base case: true value 0.024 but mean estimate 
0.006 

− with consequent loss of coverage (88% cf 95% 
nominal and ~93% other methods)

• But model 4 doesn’t

− recall: M2 codes treatment as 0/1 , M4 as ±0.5

• This really surprised us

• Fixed effects of study means “too many parameters” 
which could be expected to lead to variance 
underestimation in both models
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Simulation study: other findings

• Estimation failure: very rare in models 1-6

• Quite common in model 7. After fine-tuning estimation 
methods, we got it down to 

− 1.4% of datasets not estimating overall mean 𝜃

− 2.8% of datasets not estimating its SE

− a further 0.5% of datasets giving implausible SEs
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Simulation study: other findings

Bias in estimating 𝜃: absent except for

• Sparse data (setting 8)

− M1/DL gave bias 0.02

− other models didn’t remove bias

• Between-study information (setting 12)

− M3,5,6 (random effects of study) gave bias 0.02

Bias in estimating 𝜏2:

• Always present when 𝜏 = 0

• M1/DL negatively biased when 𝜏 is large

− probably because SE~estimate

• M3,4,5,7 slightly negatively biased when 𝜏 is moderate

• M6 slightly positively biased when 𝜏 is moderate
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Simulation study: other findings

• Precision:

− all models have similar precision for 𝜃

− M3-7 are more precise than M1 for 𝜏2

• Coverage of M1,3-7: mostly around 93%, some 
variations e.g. higher in sparser/less heterogeneous 
data
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Conclusions

1. One-stage methods (M2-7) are not uniformly superior 
to two-stage methods (M1)

2. Model 2 (trt=0/1) should not be used

3. Among the models with random study effects, Model 6 
(correlated effects) is probably better than 3 and 5

4. Model 7 can be computationally challenging / unstable

5. Models 1, 4, 6 and 7 are all good candidates

− avoid model 1 with sparse data; 6 with varying 
allocation ratios; 7 with unsparse data

6. Different models should be compared in sensitivity 
analysis

For discussion:

• Could we develop criteria for moving from M1 to M4/6/7 
& from M4/6/7 to a still better model [Bayes?]
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Extra slides
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